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Abstract 

We prove a criterion for continuity of bilinear maps on countable di- 
rect sums of topological vector spaces. As a first application, we get 
a new proof for the fact (due to Hirai et al. 2001) that the map 
/: C~(M") X C^°°(M") C^°°(M"), (7,??) ^ 7 * r? taking a pair of 
test functions to their convolution is continuous. The criterion also 
allows an open problem by K.-H. Neeb to be solved: If is a locally 
convex space, regard the tensor algebra T{E) := ©^gj^^ T^{E) as the 
locally convex direct sum of projective tensor powers of E. We show 
that T{E) is a topological algebra if and only if every sequence of 
continuous seminorms on E has an upper bound. In particular, if E 
is metrizable, then T(E) is a topological algebra if and only if E is 
normable. Also, T(E) is a topological algebra if E is DFS or ki^. 



Classification: 46M05 (Primary); 42A85, 44A35, 46A13, 46A11, 46A16, 46E25, 46F05 
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Introduction and statement of results 

Consider a bilinear map f3 : 0jgpj x 0^^^^ Fj — )• H, where H is a topo- 
logical vector space and (-E'i)jgN and (Fj)jgN are sequences of topological 
vector spaces (which we identify with the corresponding subspaces of the 
direct sum). We prove and exploit the following continuity criterion: 

Theorem A. /3 is continuous if, for all double sequences (VFjj)jjgN of 0- 
neighbourhoods in H, there exist -neighbourhoods Ui and Rij in Ei and 
-neighbourhoods Vj and Sij m Fj for i,j G N, such that 

(3{Ui X Sij) C Wij for all i,j e N such that i < j; and , ^ 

(3{Rij X Vj) C Wij for all i,j eN such that i>j. ^ ' 



^Supported by DFG, grant GL 357/5-1. 
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As a first application, we obtain a new proof for the continuity of the bilinear 
map /: C^{W) x C^{W) C^{W), (7,77) ^ 7 * r/ taking a pair of test 
functions to their convolution (Corollary 13. ip . This was first shown in [I2| 
Proposition 2.3] |§ Our proof allows M" to be replaced with a Lie group G, 
in which case / is continuous if and only if G is a-compact [3]. 

For a second application of Theorem A, consider a locally convex space E 
over K e {M,C}. Let T°(E) := K, T^{E) := E and endow the ten- 
sor powers T^{E) := E 0^ E, Ti+\E) := E ®^ T^{E) with the projec- 
tive tensor product topology (see, e.g., [20]). Topologize the tensor algebra 
T^{E) := Ti{E) (see [Ml XVI, §7]) as the locally convex direct sum [1]. 

In infinite-dimensional Lie theory, the question arose of whether Tt^{E) al- 
ways is a topological algebra, i.e., whether the algebra multiplication is con- 
tinuous [m Problem VIII. 5] |f| We solve this question (in the negative), and 
actually obtain a characterization of those locally convex spaces E for which 
Tt,{E) is a topological algebra. 

To formulate our solution, given continuous seminorms p and q on E let 
us write p^q if p<Gq pointwise for some G > 0. For 6 an infinite 
cardinal number, let us say that E satisfies the upper bound condition for 6 
(the UBC(^), for short) if for every set P of continuous seminorms on E of 
cardinality \P\ < 6, there exists a continuous seminorm q on E such that 
p ^ q for all p & P. \{ E satisfies the UBC(Ko), we shall simply say that E 
satisfies the countable upper bound condition. Every normable space satisfies 
the UBC(6'), and there also exist non-normable examples (see Section [8]). We 
obtain the following characterization: 

Theorem B. Let E be a locally convex space. Then Tt^{E) is a topological 
algebra if and only if E satisfies the countable upper bound condition. 

In particular, for E a metrizable locally convex space, Tt^{E) is a topological 
algebra if and only if E is normable (Corollary 14. 2p . 

The upper bound conditions introduced here are also useful for the theory 
of vector-valued test functions. If is a locally convex space and M a para- 
compact, non-compact, finite-dimensional smooth manifold, let G^{M,E) 

^For hypocontinuity of convolution C°°(R")' x C;?°(R") C^°°(M"), see I21i p. 167]. 

•^If g is a locally convex topological Lie algebra and TV(g) a topological algebra, then 
also the enveloping algebra U{q) (which is a quotient of TV(g)) is a topological algebra 
with the quotient topology. This topology on U{g) has been used implicitly in |19) . 
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be the space of all compactly supported smooth £'-valued functions on M. 
Consider the bilinear map 

where (7f)(x) := 'y{x)v. If M is cr-compact, then $ is continuous if and only 
if E satisfies the countable upper bound condition. If M is not cr-compact, 
then $ is continuous if and only if E satisfies the UBC(^), for 6 the number 
of connected components of M (see pUl Theorem B]). 

Without recourse to the countable upper bound condition, for a certain class 
of non-metrizable locally convex spaces we show directly that Tt^{E) is a 
topological algebra. Recall that a Hausdorff topological space X is a /c^- 
space if X = lim as a topological space for a sequence Ki CI K2 ■ ■ ■ of 

compact spaces (a so-called k^-sequence) with union IJ-^i = [H], [TT] - 
For example, the dual space E' of any metrizable locally convex space is a 
/ctj-space when equipped with the compact-open topology (cf. [21 Corollary 
4.7]). In particular, every Silva space (or DFS-space) is a /c^^-space, that is, 
every locally convex direct limit of Banach spaces Ei 'O E2 ^ ■ ■ ■ , such that 
all inclusion maps En — )■ -En+i are compact operators [SJ Example 9.4]. For 
instance, every vector space of countable dimension (like M^^^) is a Silva 
space (and hence a fc^j-space) when equipped with the finest locally convex 
topology. We show: 

Theorem C. Let E be a locally convex space. If E is a ku)-space {e.g., if E 
is a DFS-space), then Tt^{E) is a topological algebra. 

To enable a proof of Theorem C, we first study tensor powers Ti{E) in 
the category of all (not necessarily locally convex) topological vector spaces, 
for E as in the theorem^ We show that Ti{E) and T^{E) := ^.^^^THE) 

are fc^^-spaces (Lemmas 15.41 and 15. 7p and that Ty{E) = lim Y['j=i'^ui^) ^ 
a topological space (Lemma 15. 7p . This allows us to deduce that T^{E) is a 
topological algebra (Proposition 15.81) . which entails that also the convexifi- 
cation Tt,{E) = {T^(E))icx is a topological algebra (see Section [7]) |fl 

The conclusion of Theorem C remains valid if ii^ = Ficx for a topological 
vector space F which is a fc^^-space (Proposition 17. ip . This implies, for ex- 
ample, that Tt^{E) is a topological algebra whenever E is the free locally 

^See [22 and [^ for such tensor products, and the references therein. 
'^(Quasi-)convexifications of direct hmits of fct^i-spaces also appear in [1], for other goals. 
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convex space over a fc^j-space X (Corollary 17. 2p . Combining this result with 
Theorem B, we deduce: If a locally convex space is a k^-space, or of 
the form E = F\cx for some topological vector space F which is a fc^^-space, 
then E satisfies the countable upper bound condition (Corollary 18. ip . 

Of course, also many non-metrizable locally convex spaces E exist for which 
Tt^{E) is not a topological algebra. This happens, for example, if E has a 
topological vector subspace F which is metrizable but not normable (e.g., if 
E = R(^) X M^). In fact, E cannot satisfy the countable upper bound condi- 
tion because this property would be inherited by F [TUl Proposition 3.1 (c)]. 

1 Notational conventions 

Throughout the article, K G {M, C}, and topological vector spaces over K 
are considered (which need not be Hausdorff). If g is a seminorm on a vector 
space E, we write B'jl{x) := {y E E: q{y — x) < r} and BI{x) := {y G 
E: q{y — x) < r} for the open (resp., closed) ball of radius r > around 
X E E. We let {Eg, \\.\\g) be the normed space associated with q, defined via 

Eg:=E/q-\0) and \\x + q-\0)\\g := q{x) . (2) 

Also, we let 

Pg-.E^Eg, pg{x) := X + q-\0) (3) 

be the canonical map. If q is continuous with respect to a locally convex 
vector topology on E, then pg is continuous. If {E, ||.||) is a normed space 

and q = ||.||, we also write Bf{x) := B^{x) and B^ (x) := B^{x) for the balls. 
A subset f/ of a vector space E is called balanced if B^ (0)f/ C U. We set 
N := {1, 2, . . .} and No := N U {0}. 

If / is a countable set and {Ei)i^j a family of topological vector spaces, its 
direct sum is the space of all {xi)i^j G Yliei such that Xi = for 

all but finitely many i E L The sets of the form 

i&I i&I iel 

for Ui ranging through the set of 0-neighbourhoods in Ei, form a basis of 
0-neighbourhoods for a vector topology on ^.^jEi. We shall always equip 
countable direct sums with this topology (called the 'box topology'), which 
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is locally convex if so is each Ei. Then a linear map ^-^jEi — )■ F to a 
topological vector space F is continuous if and only if all of its restrictions to 
the Ei are continuous (p^, §4.1 & §4.3]; cf. for the locally convex case). 

A topological algebra is a topological vector space A, together with a contin- 
uous bilinear map Ax A A. If A is assumed associative or unital, we shall 
say so explicitly. 

2 Bilinear maps on direct sums 

We now prove Theorem A. Afterwards, we discuss the hypotheses of the 
theorem and formulate special cases which are easier to apply. 

Proof of Theorem A. By Proposition 5 in [4, Chapter I, §1, no. 6], the 
bilinear map /3 will be continuous if it is continuous at (0,0). To verify the 
latter, let Wq be a 0-neighbourhood in H. Recursively, pick 0-neighbourhoods 
Wk^H for keN such that Wk + Wk^ Wk-^i. Then 

(Vfc e N) Wi + --- + Wk C Wo . (4) 

Let a: N X N N be a bijection, and Wij := W^<x{i,i) for i,j E N. By (j4]), 

[J Wij C Wo for every finite subset $ C N^. (5) 
(i,j)e* 

For i,j G N, choose 0-neighbourhoods Ui and Rij in Ei and 0-neighbourhoods 
Vj and Si J in Fj such that ([I]) holds. For i G N, the set := t/, n fXj=i 
is a 0-neighbourhood in Ei. For j G N, let Qj C Ej be the 0-neighbourhood 
Qj ■=^j^ riLi We claim that 

(Vz,jGN) l3{P,xQj)CW,,j. (6) 

If this is true, then P := 0igpjPj is a 0-neighbourhood in ^^^^Ei and 
Q := 0jgp^<5j a 0-neighbourhood in ^j^f^Fj such that /3(P x Q) C PFq, as 

5^ ^3{P^ X Q,) C ^ W,,, C IVo 
(ij)e* {«,i)e'i> 

for each finite subset $ C (by ([6]) and ([5])) and therefore (3{P x Q) = 
U<s>'^{i j)e<s> f^i^i ^ Qj) — ^0- Thus continuity of (3 at (0,0) is established. 
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once (E]) is verified. To prove (jS]), let i,j G N. li i > j, then /3(Pj x Qj) C 
/3{Rij X -l/j) C Wij. If i < J, tlien /3(Pi x g^) C (3{U^ x ^^j) C Wij. □ 

Tlie criterion from Theorem A is sufficient, but not necessary for continuity. 

Example 2.1 Let := be the space of all real- valued sequences, equipped 
with the product topology, and Ei := Fi := H for all i E N. Then is an 
algebra under the pointwise multiplication 

5: X ^ , (5((xi)j6N, {yi)i£N) ■= o {yi)ieN ■= {xiyi)ie^ . 

We show that the bilinear map 

is continuous, but does not satisfy the hypotheses of Theorem A. 
To see this, note that the seminorms 

R^ [0, oo[, Pn{{xi)i(z^) := max{|xi| : i = 1, . . . ,n} 

define the topology on R^ for n E N. For all n G N, we have 

(V/,(7GR^) Pn{fog)<pM)Pn{g), (7) 

entailing that 6 is continuous and thus R^ a topological algebra. Also, if 
W O H is a 0-neighbourhood, then B^"{0) C W for some n G N and e > 0. 
Set Qi := S^",^(0) for i G N. Then QioQj C B^^1,^_^^{0) for all i, j G N (by 
(I7j)), entailing that Q := is a zero-neighbourhood in such 

that /3(Q X Q) C E(ij)eN2 ^2-«2-^e(0) ^ ^ ^- Hence /3 is continuous 

at (0, 0) and hence continuous. 

On the other hand, let r,s > and k,m,n G N. 

If > n or > m, then (3/ G 5f"(0),^ G 5P'"(0)) /o^^Sf(O). (8) 

In fact, assume that k > m (the case > n is similar). Let Ck G R^ be the 
sequence whose fc-th entry is 1, while all others vanish. Then / := |efc G 
S^''(0), g := ^Cfc G -Bf'"(0) (noting that Pm{g) = since k > m), and 
/o^ 5f (0) as Pkifog) =Pk{ek) = 1- 
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Now consider the 0-neighbourhoods Wij := B^"^^ (0) in H. Suppose there 
are 0-neighbourhoods Rij, Vi and in such that ([T]) holds - this 
will yield a contradiction. There is n G N and r > such that i?^"(0) C JJi. 
Also, for each j G N there are rrij G N and Sj > with Bs'^^ (0) C Sij. Then 

S,P"(0)oSr;^(0) = /3(5f"(0) X 5^7^(0)) C W^i,,. = 5f+^(0) 

for all J > 2, by ([1]). Thus n > 1 + j for all J > 2, by (|8]). This is impossible. 

Our applications use the following consequence of Theorem A: 

Corollary 2.2 Let (-E'i)ieN O'lT'd {Fj)j^fq be sequences of topological vector 
spaces and H be a topological vector space. Then a bilinear mapping 
P'- ©ieN-^* ^ ©jeN-^i H is continuous if there exist Q -neighbourhoods Ui 
in Ei and Vj in Fj for i,j G N, such that (a) and (b) hold: 

(a) For all 0-neighbourhoods W H and i,j G N, there exists a 
-neighbourhood Sij in Fj such that P{Ui x 5*,^) C W . 

(b) For all 0-neighbourhoods W ^ H and i,j G N, there exists a 
-neighbourhood Rij in Ei such that P{Rij x Vj) C W . 

Proof. Let (Wij)ijfz^ be a double sequence of 0-neighbourhoods in H. For 
i,j G N, choose 0-neighbourhoods Ui C Ei and Vj C Fj as described in the 
corollary. Then, by (a) and (b) (applied with W = Wij), for all i,j G N 
there exist 0-neighbourhoods Rij C Ei and Sij C Fj such that 

PiUixSij)CW,,j and P{Ri,j x V^) C Wij . 

Hence Theorem A applies. □ 

The next lemma helps to check the hypotheses of Corollary 12.21 in important 
cases. 

Lemma 2.3 Let E, F and H be topological vector spaces and /3 : E x F ^ H 
be bilinear. Assume P = bo (id^; x0) for a continuous linear map 0: F — )■ X 
to a normed space {X, ||.||) and continuous bilinear map b: E x X ^ H. 
Then V := (j)~^{B^{0)) is a -neighbourhood in F such that, for each 0- 
neighbourhood W ^ H , there is a -neighbourhood R C E with l3{RxV) . 
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Proof. Since b ^{W) is a 0-neighbourhood in E x X, there exist a 0- 
neighbourhood S C E and r > such that S x (0) C ^-^(Vr). Set 
-R := rS. Using that 6 is bihnear, we obtain (3{R x V) C b{rS x Bf{0)) = 
b{S X r5f (0)) = b{S X B^{0)) CW. □ 

If F is a normed space, we can simply set X := F, (j) := idi;' and 6 := /3 in 
Lemma [Z3| i.e., the conclusion is always guaranteed then (with V = B[{0)). 



Corollary 2.4 Let O'lT'd {Fj)j^-^ be sequences of normed spaces, H be 

a topological vector space and (iij : Ei x Fj ^ H be continuous bilinear maps 
fori,j G N. Then the following bilinear map is continuous: 

/3: X 0Fj. ^ if, /3((xi)i6N, (%)ieN) := l^iji^i^Vj) ■ (9) 

Proof. Lemma 12.31 shows that the hypotheses of Corollary 12.21 are satisfied 
if we define Ui and Vj as the unit balls, U^ := 5f'(0) and Vj := 5^(0). □ 

If H is locally convex, then Corollary 12.41 also follows from [5l Corollary 2.1]. 
In the locally convex case. Theorem A can be reformulated as follows: 

Corollary 2.5 Let o-i^d (Fj)jgN be sequences of locally convex spaces, 

H be a locally convex space and Pij : EiXFj ^ H be continuous bilinear maps 
fori,] G N. Assume that, for every double sequence {Pi^j)ij^^ of continuous 
seminorms on H , there are continuous seminorms pi {for i G N) and pij 
on Ei {for i > j) and continuous seminorms qj {for j G N) and qij on Fj 
{for i < j), such that: 

(a) Pij{f3ij{x, y)) < Pi{x)qij{y) for all i <j mN, x e Ei, y e Fj; and 

(b) Pij{l3ij{x, y)) < Pij{x)qj{y) for all i > j inN and all x G E^, y E Fj. 

Then the bilinear map /3 described in (|9]) is continuous. 

Proof. Let Wij C if be 0-neighbourhoods for i,j G N. Then there are 
continuous seminorms Pjj on H such that Sf*'^ (0) C Wij. Let pj, pjj, qj and 
g^j be as described in Corollary EH Then U, := 5f (0) and Rtj := 5f'^ (0) 
are 0-neighbourhoods in Ei. Also, Vj := B^^ {0) and Sij := -Bf'^(O) are 0- 
neighbourhoods in F^. If z < j, x G Ui and y G Sij, then Pij{f3ij{x,y)) < 
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Piix)qij{y) < 1, whence l3ij{x,y) G S/''(0) C Wij and thus l3ij{Ui x Sij) C 
Wij. Likewise, (3ij{Rij x Vj) C 14^^ Hi > j. Thus Theorem A apphes. □ 

Let G be a Lie group, with Haar measure fi. Let b: Ei x E2 ^ F he a con- 
tinuous bihnear map between locally convex spaces (where F is sequentially 
complete), and r, s,t E NqU {00} such that t < r + s. Using Corollary 12. 5^ it 
is possible to characterize those {G, r, s, t, h) for which the convolution map 

/3 : E,) X C:(G, E2) ^ G*(G, F) , (7, v)^l*bV 

is continuous, where (7*br7)(x) := fijb{'y{y),ri{y^^x)) dfi{y) (see [3]). 

3 Continuity of convolution of test functions 

Using the continuity criterion, we obtain a new proof for [T2| Proposition 2.3]: 

Corollary 3.1 The map C^{R'') x C^°°(M") ^ ^^"^(M"), (7,7/) ^ 7 * zs 
continuous. 

Before we present the proof, let us fix further notation and recall basic facts. 
Given an open set Q C M", r G NoU{oo} and a compact set K C let C^{Q) 
be the space of all C""-functions 7: — t- IK with support supp(7) C K. Using 
the partial derivatives ^"7 := |^ for multi-indices a = (ai, . . . ,a„) G Nq 
of order \a\ := ai + ■ ■ ■ + an < r and the supremum norm ||.||oo, we define 
norms ||.||fe on C^{fl) for k E Nq with k < r via 

||7||fc := max ||9"7||oo, 

|a|<fc 

and give C^{Q) the locally convex vector topology determined by these 
norms. We give C^(f^) = Ue'^a'(^) ^^e locally convex direct limit 
topology, for K ranging through the set of compact subsets of fl. 

Lemma 3.2 (a) The pointwise multiplication C^(fi) x C]^(i7) — )■ C^^{Q), 
(7, rj) 'jT] is continuous. 

(b) Let (/ii)ieN be a locally finite, smooth partition of unit-^ on Vl, such that 
each hi has compact support Ki := supp(/ij) C fl. Then the linear map 
$: C^{fl) ^i^z^C^^^Q), 7 ^ (/ii7)i6N is continuous. 

^See, e.g., [HI Chapter II, §3, Corollary 3.3]. 
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Proof, (a) Let := (1, . . . , 1) G and k e Nq such that k < r. By 
the Leibniz Rule, \\d'^{-fv)\\oo < E/3<a( J)ll^^7l|oo||<9""''r/||oo, using muhi- 
index notation. Since E/3<a()^) = {E + EY = 2l"l < 2^= if |a| < k and 

||<9^7l|oo||c?""'^?7l|oo < llTlUlhlU, we deduce that ||7^IU- < 2''||7l|fc||^?IU- Hence 
muhiphcation is continuous at (0, 0) and hence continuous, being bihnear. 

(b) To see that the hnear map $ is continuous, it suffices to show that 
its restriction to Cl^{Q) is continuous, for each compact set K (1 Q. As 
K is compact and {Ki)i(zfq locally finite, the set F := {i G N: K D Ki ^ 0} is 
finite. Because the image of is contained in the subspace ^^^p C^. {fl) = 
n,,^ C^kM of 0,,,, C^^(fi) - 0,,^ C^K.m^e^enXF C^^), the m^p $^ 
will be continuous if its components with values in C^^{Q) are continuous 
for all i E F. But these are the maps C^{fl) C^^{fl), 7 /ij7, which 
are continuous as restrictions of the maps C'^yjj^.{Q) — )■ C'^yjj^.{Q), 7 hij, 
whose continuity follows from (a). □ 

If 7 G C^{W) and rj G C°(M"), it is well-known that 7 * 77 G C°(M"), with 
supp(7 * rj) C supp(7) + supp(?7) (see [I3J 1.3.11]). Moreover, 

||7*^l|oo < ||7||oo||'7||li and ||7*'7lloo < ||7||li II^IU, (10) 

since [(7 * r/)(x)| < 4„ \-^{y)\ \r]{x - y)\ dX{y) < \\r]\\^ 4„ \-^{y)\ d\{y). If 
7 G C^iW) and r/ G C°(M"), then 7 * G C^iW) and 

^"(7*77) = (a"7) (11) 

for all a G NJJ (see 1.3.5 and 1.3.6 in [I3]). Likewise, 7 * r/ G C^{W) for all 
7 G CO(M'^) and G C~(M"), with ^"(7 * ?;) = 7 * S"?]. By (fTT|) and (fTO|). 

II7 * ^lU < ll7l|fc||^?||Li (12) 

for all 7 G C;?°(M"), r/ G C°(M") and A; G Nq. Likewise, ||r/*7||fe < Ht^Uli hlU- 
We shall also use the obvious estimate 

HW < A(supp(r7))||77|U for 7] G C^,{W). (13) 

Hence, given compact sets K,L C M", we have ||7*r7||A: < A(L) ||7||fc||r7||oo for 
all 7 G C^(M"), T] G C7^(M") and A; G Nq. This entails the ffist assertion of 
the next lemma, and the second can be proved analogously: 
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Lemma 3.3 The following bilinear maps are continuous: 



C^(R") X C°(M") ^ C^^^iW), (7, r^) ^^ 7 * r/ and 

Proof of Corollary 13.11 Choose a locally finite, smooth partition of unity 
(^j)ieN on M" such that each hi has compact support Ki := supp{hi). Set 
Ei := Fi := C^^(M") for i G N. Then Xi := (C^^(M"), ||.||oo) is a normed 
space and inclusion (pi: Ei — )• Xi, 7 h-)- 7 is continuous linear. Let /3ij: 
Ei X ^ C^{W), fXij: Ei X ^ C^°°(R"), and 1/^^: x Ej C^{W) 
be convolution {'y,ri) ■y * rj for i, j G N. Lemma IX^ implies that /Xjj, 
and i/jj are continuous bilinear. Since 

A,i = fJ'ij o (idi?, X(/)j) = Uij o (0j X idsj, 

Lemma EJ] shows that the bilinear map /3: 0jgN-Ei x Q^gp^-Ej C^(W) 
from ([H]) obtained from the above (3ij satisfies the hypotheses of Corollary 12. 2 j 
with Ui := Vi := (j)^^{B^'{0)). Hence /3 is continuous. But the convolution 
map /: C^{W) x C^{W^) -> C~(M") can be expressed as 

/ = /3o ($ X $) (14) 

with the continuous linear map $ introduced in Lemma [3.21 (b) (for r = 00), 
as we shall presently verify. Hence, being a composition of continuous maps, 
/ is continuous. To verify (fH]) . let 7,?7 G C^(M"). Since 7 has compact 
support, only finitely many terms in the sum 7 = XlieN non-zero, 
and likewise in 77 = J^j^n ^JV- Hence 

(ij)eN2 (j,i)eN2 
which coincides with (/3 o ($ x $))(7,?7). The proof is complete. □ 

4 Proof of Theorem B 

We now prove Theorem B, and then discuss the case of metrizable spaces. 

Proof of Theorem B. Let /3o,i: K x Tl{E) T;(E), {z,v) ^ zv and 
Pi^Q-. T^{E) X K — 7- T^{E), Pifi{v,z) := zv be multiplication with scalars, for 
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i e No. For ij G N, let : Tl{E) x T^{E) -> Tl+^{E) be the bilinear map 
determined by 

Pijixi ® ■ ■ ■ ® Xj, yi (g) ■ ■ ■ yj) = a;i (g) ■ ■ ■ Xj yi ® ■ ■ ■ ?/j 

for all xi, . . . ,Xi,yi, . . . ,yj G E. As we are using projective tensor topologies, 
all of the bilinear maps Pij, i,j G No are continuous, which is well known. 

We first consider the special case of a normable space E. Then the multi- 
phcation /3: T^^^E) x T^^^E) T^^i^E) of the tensor algebra is the map fi 
from on]), hence continuous by Corollary 12.41 

Next, let E be an arbitrary locally convex space satisfying the countable 
upper bound condition. Let f/ be a 0- neighbourhood in Tt^{E). After 
shrinking f/ to a box neighbourhood, we may assume that U = (0) 
for continuous seminorms qj on Tl{E). For j G Nq, let Hj := {(Ti{E))q., 
be the normed space associated to g^, and pq. : T^{E) — )■ Hj the canonical 

map (see © and ©). Let V := 0^.^^^ e)'"^^- (0) C ^^^^^^H^. Then 

p: T^(E) ^ i/j, p((xj)jeNo) := (Pg, (a;i))ieNo 

jeNo 

is a continuous linear map, and p^^iV) = U . If we can show that p o /3 is 
continuous, then (po/3)~^(\/) = /3~^(p"^(\/)) = is a 0-neighbourhood 

in Tt^{E) X Tt^[E), entailing that the bilinear map /3 is continuous at and 
hence continuous. 

To this end, recall that the j-linear map Tj : E^ — )■ T^{E) taking (f i, . . . , Vj) 
to f 1 ® ■ ■ ■ (g) f j is continuous, for each j G N. Hence, for each j G N, there 
exists a continuous seminorm pj on E such that 

(Wvi,..., Vj G E) qj{Tj{vi, Vj)) < pj{vi) ■ ■ -Pjivj) . (15) 

By the countable upper bound condition, there exists a continuous semi- 
norm q on E such that pj ^ q for all j G N, say 

Pj < C,q (16) 

with Cj > 0. We let {Eg, \\.\\q) be the normed space associated with q, and 
Pq-. E ^ Eq he the canonical map. For each j G N, consider the map 

r'j : {Eqy Tl{Eq), [v^, . . . .v^) ^ ® ■ ■ ■ ® , 

12 



and the direct product map (pg)-' = Pg x ■ ■ ■ x pg-. {EgY . Then 

Tj o {pgY : — )■ T^{Eg) is continuous j-hnear, and hence gives rise to a 
continuous hnear map ipj := T^{pg) : T^{E) — )■ T^{Eg), determined by 

'Pj ° = ° (P<?)^ • (17) 
Also, define 0o '■= idiK- Then the hnear map 

4> ■■= TrriPg) : T^{E) T^{Eg) , (Xj)jgNo ^ ((/>j(Xj))j6No (18) 

is continuous (being continuous on each summand). For each j G N, there 
exists a continuous j-hnear map 

e, : {EgY ^ T^{E)g^ = Hj such that % o (p,)^^ = p^^. o r,- , 

as follows from f|T5|) and f|T6l) . Now the universal property of T^{Eq) provides 
a continuous linear map ipj : T^{Eg) — )■ determined by 

° ^; = ■ (19) 

Define ipo := : K — )■ i/g- Then the linear map 

^/j: T^{Eg) ^ ifj , (xjOjeNo ^ (^i(a;i))jeNo (20) 
ieNo 

is continuous. By the special case of normed spaces already discussed, the 
algebra multiplication /?': T.„{Eg) x T.„{Eg) — )• T.„{Eq) is continuous. We now 
verify that the diagram 

T^{E)xT^{E) ^ 0i/,- 

ieNo , . 

T^{Eg) X T^{Eg) A T^{Eg) 

is commutative. If this is true, then p o (3 = ip o (3' o [(j) x (j)) is continuous, 
which implies the continuity of /3 (as observed above). Since both of the 
maps pop and ip o p' o [(p x (p) are bilinear, it suffices that they coincide on 
S X S for a. subset S C Tt,{E) which spans Tt,{E). We choose S as the union 
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of K and [jj(z^Tj{E^)- For i,jEN and t>i, . . . , Vi, wi, . . . ,Wj E E, we have 
tp{P'{(p{vi ^■■■^Vj), (j){wi O ■ ■ ■ ® Wj))) 

= ^{/3'{pg{Vi) (g) ■ ■ • (g) pqiVi), pq{Wi) (g) ■ ■ • (g) pqiWj))) 

= i:i+j{pq{Vl) (g • • ■ (g Pg{Vi) (g /Oq(Wl) (g ■ ■ • (g Pq{Wj)) 

= Gi+jipqiVl), pq{Vi),Pg{Wl), pq{Wj)) 

= Pqi+j {Vi® ■ ■ ■ ® Vi®Wi® ■ ■ ■ ® Wj) 

= (p O (g ■ ■ ■ (g (g ■ ■ ■ (g 1(7^) , 

as required. For x,y eK, we have ■ilj{(3'{(j){x), (f){y)) = Pg^^xy) = p{(3{x,y)). 
For X G K and Wi, . . . ,Wj E E, we have 

= Xij{Pq{Wl) ® ■ ■ ■ ® Pg{Wj)) = X9j{Pg{Wl),. . . ,Pg{Wj)) 

= XPq^{Wi® ■ ■ ■ ® Wj) = p(/3(x, Wi (g • • ■ (g Wj)) . 

Likewise, ^p{|3'{(j){vl'S)■ ■ ■®Vi),(j){y)) = p(/3(fi(g- ■ ■®Vi,y)) for vi, . . . ,Vi e E 
and ?/ G K. Hence (pT!) commutes, and hence /3 is continuous. 

If T-j^lE) is a topological algebra, let (pj)jeN be any sequence of continuous 
seminorms on E. Omitting only a trivial case, we may assume that E ^ {0}. 
For each j G No, we then find a continuous seminorm qj 7^ on T^{E). Let 
Qo{x) := |x| for x G K. For j G N, let Qj be a continuous seminorm on 
T^{E) = E®^ TtHE) such that 

Qj{x (g = Pj{x)qj-i{y) for all a: G -E and y G T^~'^{E) 

(see, e.g., pi III.6.3]). Then W := 0jeNo^?(O) is a 0-neighbourhood in 
Tt,{E) = T^(£'). Since /3 is assumed continuous, there exists a box 

neighbourhood V C Tt,{E), of the form \^ = ©jgpjg Vj with 0-neighbourhoods 
C Ti{E), such that x \/) C and hence 

(VjGN) /3i,,_i(l^ixV,_i)C5?^(0). (22) 

For j G N, pick Xj G V^-i C Tt\E) such that gj_i(xj) ^ 0. Then 1 > 
Qj{f3ij^i{v,Xj)) = Qj{v (g Xj) = pj{v)qj^i{xj) for all v G Vi. Hence 

P,(V^i)C[0,l/g,_i(x,)] (23) 
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for all j E N. Let g be a continuous seminorm on E such that ^^(O) C V^. 
Then (1251) implies that Pj < ^ l{x ) 1 es^ch j G N, and thus Pj ^ q. 
Hence E satisfies the countable upper bound condition. □ 

Lemma 4.1 Let E be a metrizable locally convex space. Then E satisfies 
the countable upper bound condition if and and only if E is normable. 

Proof. If the topology on E comes from a norm ||.||, then p ^ \\.\\ for each 
continuous seminorm p on E, entailing that E satisfies the countable upper 
bound condition (and UBC(^) for each infinite cardinal 6). Conversely, let E 
satisfy the countable upper bound condition. Let Pi < P2 < ■ ■ ■ be a sequence 
of seminorms defining the topology of E. Then there exists a continuous 
seminorm q on E such that pj ^ q for all j G N, say pj < Cjq with Cj > 0. 
It is clear from this that the balls -8^(0) form a basis of 0-neighbourhoods 
in E for r > 0. Hence g is a norm and defines the topology of E. □ 

In view of Lemma [4. ![ Theorem B has the following immediate consequence: 

Corollary 4.2 Let E be a metrizable locally convex space. Then Tj^{E) is a 
topological algebra if and only if E is normable. □ 

5 Tensor products beyond local convexity 

We shall deduce Theorem C from new results on tensor products in the 
category of general (not necessarily locally convex) topological vector spaces. 

Definition 5.1 Given topological vector spaces Ei,...,Ej with j > 2, we 
write -El ■ • ■ ®jy Ej for the tensor product Ei ^ ■ ■ ■ ^ Ej, equipped with 
the finest vector topology O^, making the 'universal' j-linear map 

t: El X ■ ■ ■ X Ej El ^ ■ ■ ■ ® Ej, [xi, . . . , xj) xi ® ■ ■ ■ ^ Xj (24) 

continuous. 

Remark 5.2 By definition of Oi,, a linear map (j): Ei®y ■■■ ®y Ej F to a. 
topological vector space F is continuous if and only if </) o r is continuous. If 



15 



El, . . . ,Ej are Hausdorff , then also Ei®,y- ■ -^lyEj is Hausdorff : li Ei, . . . , Ej 
are locally convex Hausdorff or their dual spaces separate points, this follows 
from the continuity of the identity map Ei®y- ■ -^uEj — )■ {Ei)^^^,- ■ ■^^.{Ej)^, 
using weak topologies. In general, the Hausdorff property follows by an 
induction from the case j = 2 in [22] (see [3 Proposition 1 (d)]). 

Lemma 5.3 Let {E, O) he a Hausdorff topological vector space and Kn 7^ 
he compact, balanced suhsets of E such that E = IJneN ^^'^ + — 
Kn+i for all n & N. Let T he the topology on E making it the direct limit 
YmvKn as a topological spaced Then {E,T) is a topological vector space. 

Proof. Consider the continuous addition map a : {E, O) x {E, O) — )■ {E, O) 
and the addition map a': {E,T) x {E,T) — )■ {E,T). Because Kn + C 
Kn+i and T induces the given topology on Kn+i, the restriction Oi'\K„^Kn = 
Qi|K„x/f„ : K^x Kn ^ Kn+i C (E, T) is continuous. Since (E, T) x {E, T) = 
lim {Kn X Kn) as a topological space [121 Theorem 4.1], we deduce that a' is 

continuous as a map {E, T) x [E, T) — )■ {E, T). Next, consider the continuous 
scalar multiplication /i: IK x [E,0) — > {E,0) and the scalar multiplication 
/i': K X {E,T) — )■ {E,T). To see that /x' is continuous, it suffices to show 
that its restriction to a map i?2j (0) x [E, T) — ?■ {E, T) is continuous for each 
j G N. Since -B2j (0) x {E,T) = limi?2j(0) x Kn as a topological space, we 
need only show that the restriction of /i' to -82^ (0) x Kn is continuous. But 

/i'(i?2j (0) X Kn) = ^^Kn C Kn+j, and T induces the given topology on Kn+j. 
Hence u'I-^-k = uUk is continuous. □ 



Lemma 5.4 // the topological vector spaces Ei, . . . ,Ej are k^-spaces, then 
also El ®y ■ ■ ■ Ej is a k^j-space. 

Proof. Let be the topology on E := Ei ■ ■ ■ ®y Ej. For i G {1, . . . , j}, 

pick a fc(^-sequence {Ki^n)nm for E^. After replacing Ki^n with Bi {0)Ki^n, "we 
may assume that each Ki^n is balanced. Let 



Kn := 5]](i^i,n ® ■ ■ ■ ® Kj, 



i=l 



^Thus U Q E IS open if and only if [/ n Kn is relatively open in Kn for each n E 



16 



Then each Kn is a compact, balanced subset of E, and E = [J^^^^Kn- Since 
Kn + Kn C Kn+i hj definition, Lemma 15.31 shows that the topology T mak- 
ing E the direct limit topological space limKn is a vector topology. As the 

inclusion maps Kn — {E, Oy) are continuous, it follows that C T. Note 
that T from ( 12^ maps L„ := x ■ ■ ■ x ii'j^n into ii'n. Since T and 
induce the same topology on Kn and r is continuous as a map to {E, O^), it 
follows that each restriction t\l^: L„ — )■ i^^ C [E,T) is continuous. Thus r 
is continuous to {E, T) (as Ei x ■ ■ ■ x Ej = limL^ by \TT, Theorem 4.1]) and 

hence T ^ O^. Thus = T, whence E is the k^^-space limii'^. □ 

Lemma 5.5 Consider topological vector spaces Ei, . . . ,Ei and Fi, . . . , Fj, 
E := Ei®y ■ ■ ■ ®i, Ei and F := Fi®^ ■ ■ ■ ®i, Fj, and the bilinear map 

K:ExF^Ei®y---®yEi®yFi®y---®yFj=:H 

determined by k{xi ® ■ ■ ■ ® Xi.yi® ■ ■ ■ ®yj) = Xi® ■ ■ ■ ® Xi®yi® ■ ■ ■ ®yj. If 
El, . . . , Ei, Fi, . . . , Fj are k^-spaces, then k is continuous and the linear map 

k:E®i,F^H determined by k{v ®) w) = k,{v , w) (25) 

is an isomorphism of topological vector spaces. 

Proof. Letr:Ei x ■■■ x Ei^E,T':Fi x ■■■ x Fj^F,f:E x F ^ E F 
and t" : Ei x ■ ■ ■ x Ei x Fi x ■ ■ ■ x Fj ^ H he the universal maps. It is known 
from abstract algebra that k is an isomorphism of vector spaces. Moreover, 
k~^oT" = fo(rxr') is continuous, whence k~^ is continuous (see Remark l5.2p . 
Thus K will be a topological isomorphism if k is continuous, which will be 
the case if we can show that k is continuous, as k o f = k (see Remark I5.2p . 
To this end, pick A;^-sequences {Ka,n)n£N and (i^^„)„gN of balanced sets for 
the spaces Ea and Fi,, respectively. Then Kn := zJfe=i(-^i,n ® " " " ® -^i.n) and 
^'n ■= YlT=i ^i,n ® ■ ■ ■ ® Kj^^ define fc^-sequences {Kn)„eN and {K'J„eN for 
E and F, respectively (see proof of Lemma [5l^ . Moreover, {Kn x K^)„gN 
is a fcoj-sequence for E x F (cf. |[T2| Theorem 4.1]), entailing that k, will 
be continuous if we can show that k\k xK' is continuous for each n G N. 
Consider the map 

qn : (Ki,„ X ■ ■ ■ X Ki^n X Kl^ x ■■■ x K'jj"^" K^xK'^, 

(xi,fc, . . .,Xi^k,yi,k, ■ ■ ■,yj,k)k=i ^ {22k=i^hk®-- ■^Xi^k,22i=iyi,i®- ■■®yj,i)- 

Then g„ is a continuous map from a compact space onto a Hausdorff space and 
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hence a topological quotient map. Hence K\xnxK'„ is continuous if and only if 
tvoq^ is continuous. But Kog„ is the map taking (xi^^, . . . , Xj^fc, yi^fe, . . . , yj^k)T=i 
X/fc £=1 ® ■ ■ ■ ® a^i.fe ® yi,^ ® ■ ■ ■ ® Vj/, and hence continuous (because 
t" is continuous). □ 

Remark 5.6 Although z/-tensor products fail to be associative in general [7], 
this pathology is absent in the case of fc^-spaces Ei, E2, E^. In fact, the 
natural vector space isomorphism {Ei ®i, E2) ®u E^ — )• Ei ®y {E2 ®u E^) is 
an isomorphism of topological vector spaces in this CcLSG clS it can be written 
as a composition {Ei E2) ®y E3 Ei ®y E2 ®y E3 Ei ®y {E2 ®u E3) 
of isomorphisms of the form discussed in Lemma 15.51 

Our next lemma is a special case of [HI Corollary 5.7]. 

Lemma 5.7 Let E be a topological vector space. If E is a k^-space, then 
the box topology makes Ty{E) := ^j^^^^Ti{E) a k^^-space, and Ty{E) = 

lim Y[^=o'^ui^) o,s a topological space. □ 

Proposition 5.8 Let E be a topological vector space. If E is a k^^-space, 
then Ty{E) is a topological algebra, which satisfies a universal property: 

For every continuous linear map (p: E ^ A to an associative, unital 
topological algebra A, there exists a unique continuous homomorphism 
0: T^{E) — )• A of unital associative algebras such that (j)\E = 4>. 

Proof. Define bilinear maps A J : T^{E)xTi{E) -> T*+^(E) for i, j G No and 
the algebra multiplication (3: T^{E) x Ty{E) — )■ Ty{E) as in Section HI Since 
countable direct limits and twofold direct products of fc^j-spaces can be inter- 
changed by [m Proposition 4.7], we have T^i^E) x Ty{E) = limP^. as a topo- 
logical space, with Pk := 11^=1 Tl{E)xTi{E) for ken. Hence [3 will be con- 
tinuous if /3|pj. is continuous for each G N. But . . . , Xk, yi, . . . , yu) = 
Zljj=i f^iji^i, Uj) is a continuous function of {xi, . . . ,Xk,yi, . . . ,yk) e Pk, be- 
cause Aj: T^{E) X Ti{E) T^+^{E) C T^{E) is continuous by Lemma EH 
Thus, Ty{E) is a topological algebra. For cf) as described in the proposition, 
there is a unique homomorphism cj): Ti^{E) — )■ A of unital associative algebras 
such that (f)\E = (f) (as is well known from abstract algebra). For j G N, let 
Tj : E^ — )■ Ti{E) be the universal j-linear map. By the universal property of 
the direct sum, will be continuous if (p\rpj(^E) continuous for each j G No, 
which holds if and only if o tj is continuous for each j G N (continuity is 
trivial if j = 0). But 4>oTj is the map E^ — )• A, (xi, . . . , Xj) 1— )• 0(xi) ■ ■ ■ (p{xj), 
which indeed is continuous. □ 
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6 Observations on convexifications 



Recall that each topological vector space Y admits a finest locally convex 
topology 0\cx which is coarser than the given topology. We call Ficx := 
(y, 0\cx) the convexification of Y. Convex hulls of 0-neighbourhoods in Y 
form a basis of 0-neighbourhoods for a locally convex vector topology on Y, 
and it is clear that this topology coincides with Oicx- 

Lemma 6.1 If 6 : Ei x ■ ■ ■ x Ej — )■ Z is a continuous j -linear map be- 
tween topological vector spaces, then 6 is also continuous as a mapping from 
(£'i)icx X ■ ■ ■ X (£'j)icx to Z 

lex • 

Proof. liW ^ Z is a 0-neighbourhood, there are 0-neighbourhoods f/j C Ei 
for i e {1, . . . , j} with 6{Ui x ■ ■ ■ x Uj) C ly. If x = (xi, . . . is an 

element of f/i x ■ • ■ x f/j_i, then 9{x,Uj) C W implies 9{x,conv{Uj)) C 
conv(iy). Inductively, 9{xi, . . . , Xj.i, conv(f/() x ■ ■ ■ x conv(?7j)) C conv(iy) 
for all i = j, J — 1, . . . , 1. Thus 6'(conv(t/i) x ■ ■ ■ x conv(f/j)) C conv{W). □ 

Lemma 6.2 If A is a topological algebra, with multiplication 9: Ax A ^ A, 
then also (Aicx, 9) is a topological algebra. 

Proof. Apply Lemma [6. II to the bilinear map 9. □ 



Lemma 6.3 {Ei ®y ■ ■ ■ ®y -Ej)icx = (-Ei)icx ®tt ■ ■ ■ ®tt (-Ej)icx, for all topolog- 
ical vector spaces Ei, . . . ,Ej. In particular, (T^(i?))icx = T^(-Eicx) for each 
topological vector space E. 

Proof. Let be the topology on Ei ■ ■ ■ ®y Ej and O-,, be the topology 
on (-E'i)icx ®7r ■ ■ • {Ej)icx- Slucc Ot, IS locally convex and coarser than O^, 
it follows that C ((9j,)icx- The universal j-linear map r from is 
continuous as a map EiX - ■ -xEj Ei®^- ■ -^^Ej and hence also continuous 
as a map (-Ei)icx x ■ ■ ■ x (-Ej)icx — ^ {Ei ®u - ■ -Ej)icx, by Lemma lOl Hence 
(C^i/)icx ^ C^TT, and hence both topologies coincide. □ 

Lemma 6.4 (y^^Ej^ = ^^{Ej)icx, for all topological vector spaces Ej. 

Proof. Both spaces coincide as abstract vector spaces, and the topology on 
the right hand side is coarser. But it is also finer, because for all balanced 
0-neighbourhoods Uj C Ej and U := @j^^Uj, we have conv(f/j) C conv(?7) 
for each j and thus 0^.gp^2~'' conv(f/j) C conv(f/). □ 
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7 Proof of Theorem C 



Taking F := E, Theorem C follows from the next result: 

Proposition 7.1 Let E be a locally convex space. If E = F\cx for a topolog- 
ical vector space F which is a k^i-space, then T.^{E) is topological algebra. 

Proof. By Proposition 15.81 T^{F) is a topological algebra. Hence also 
(Ty(F))icx is a topological algebra, by Lemma [6l2l But 

iTAF)h. = (0 Tl{F)),^x = 0(T^(F))i,. = T^(Fi,.) = T^(E) 
isNo jeNo jeNo jeNo 

coincides with Tt^{E) (using Lemma [6^ for the second equality and Lemma [631 
for the third). □ 

The notion of a free locally convex space goes back to ^ITj. Given a topo- 
logical space X, let IK*-'''"^ be the free vector space over X. Write V{X) for 
K.^-^\ equipped with the finest vector topology making the canonical map 
X ^ 5x,. continuous. Write L{X) for K'^^^ equipped with 
the finest locally vector topology making rjx continuous. Call V{X) and 
L{X) the free topological vector space over X, respectively, the free locally 
convex space over X. 

Corollary 7.2 Let E = L{X) be the free locally convex space over a fc^- 
space X . Then T^^^E) is a topological algebra. 

Proof. As is clear, L{X) = {V{X))icx- It is well known that V{X) is if 
so is X (see, e.g., [HI Lemma 5.5]). Hence Proposition 17.11 applies. □ 

8 Some spaces with upper bound conditions 

Recall from the proof of Lemma 14.11 that every normable space satisfies the 
UBC(6') for each infinite cardinal 6. Combining Theorem B and Proposi- 
tion 17. H we obtain further examples of spaces with upper bound conditions: 

Corollary 8.1 Let E be a locally convex space. If E is a k^j-space or E = 
F\cx for some topological vector space which is a k^^-space, then E satisfies 
the countable upper bound condition. □ 
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Let 9 be an arbitrary infinite cardinal now. Then there exists a non-normable 
space satisfying the UBC(^), but not the UBC(^') for any 6' > 6: 

Example 8.2 Let X be a set of cardinahty |X| > 9^ and y be the set of all 
subsets y C X of cardinality \Y\ < 6. Let E := £°°(X) be the vector space 
of bounded K- valued functions on X, equipped with the (unusual) vector 
topology Og defined by the seminorms 

||.||y: E [0,oo[, ||7||y := sup{|7(x)|: xeY} 

for subsets Y E y. Note that a function 7 : X — t- K is bounded if and only 
if all of its restrictions to countable subsets of X are bounded. Hence E can 
be expressed as the projective limit 

hm 

< — Yey 

of Banach spaces (with the apparent restriction maps as the bonding maps 
and limit maps), and thus E is complete. For each y G 3^, we have Y ^ X 
by reasons of cardinality, whence an y E X \ Y exists. Define 5^ : X — )■ K, 
Sy{y) := 6x,y using Kronecker's S. Then 5^ 7^ and = 0, whence 

is not a norm. As a consequence, E is not normable. To see that E 
satisfies the UBC(6'), let {pj)j(^j be a family of continuous seminorms on E 
such that \J\ < 9. For each j G J, there exists a subset 1^- C X with 
\Yj\ < 9 and Cj > such that pj < Cj\\.\\Yy Set Y := UjeJ^i- Then 
1^1 \ J\9 < 99 = 9. Hence q := ||.||y is a continuous seminorm on E, and 
Pj < Cjq for all j. Finally, let Z C X be a subset of cardinality 9 < \Z\ < 9' . 
Suppose we could find a continuous seminorm p on E such that \\-\\{z} ^ P 
for all z E Z. We may assume that p = \\.\\y for some Y E y. But then 
z eY for all z E Z and hence \Y\ > \Z\ > 9, contradiction. 
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